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A Three-Dimensional Dynamic Analysis of a Towed System
W. SC Jilt AM*

AND

P.

The pui^oseof this investigation is U* study the three-dimensional motion of a cable-body
towing system. By assuming that the towline is continuous, completely flexible, and inex-
tensible, three Arst-*nder partial differential e$iuatio:is of motion are developed in terms of
velocity components normal and tangential to the towline. In addition to these, three kine-
matical first-order partial differential equations are generated to describe the position of the
towline in space. The boundary conditions for the system are the motion of the towing ship
and the forces exerted hy the towed body. The dynamic motion of the towed system is ob-
tained by applying the method of characteristics to the equations of motion. I he characteris-
tic equations are then numerically integrated on a computer. A transfer function, which is
defined as the ratio of the resultant body amplitude of motion to the amplitude of the ship
motion, is developed for various towing speeds and towline lengths. the transfer function
decreases as the towline length and the towing speed increase for the examples given in thi;-
paper. Also, it is shown that, if the towline is not straight, then longitudinal disturbances
produce transverse disturbances and vice versa.

7, G,

Nomenclature

plan area of the towed body
cross-sectional area of towline cable
towline steady-state velocity with respect to

the water
towline fairing drag coefficient,
towline fairing chord
normal towline drag force per foot
Young's modulus for the (owline
normal towline hydrodynamic force per foot;

[(#2 -|- J2)l/2 = // = (A),\^ -j- /v^)^^j

hydrodynamic body force

defined by Eqs. (66- 74)

hydrodynamic towline forces in the :c, //, z
direction, respectively

= towline lift force per foot,
= total length of towline
= mass of body

= Reynolds number
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IK =
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arc length along t owline
time
velocity components in the ̂  //, z dircd/ion,

respect ively
velocity components in th(tX, K,/f direction.

respectively

weight of body in water
weight, of towiinc per foot in water
spatial coordinates of the i owline
coordinates aligned with the towlinc
boundary-layer thickness
time increment for numerical solution
arc length increment for numerical solution
direct.ional angles of the towline
density of fluid
mass of towline per fool
viscosity of fluid

dynamic pro^jcrties
boundary condition at the body
directed along the towline
condition at the surface
steady-state condition
small perturbation about a steady-state

value
directed along the « characteristic line
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|3 = directed along the 13 characteristic line
x, y, z = components in the x, y, z direction, respec-

tively

1. Introduction

THE purpose of this investigation is to study the three-di-
mensional dynamic motion of a cable-body towing sys-

tem. Such devices have aerodynamic application in glider
towing, air-to-air refueling, and airplane-towed sonar devices
for submarine detection. At this time, there is a great deal of
interest in ocean exploration. Buoys, diving sources, and
midget submarines have been employed to study the ocean.
Presently, towed bodies have had limited application in this
work. However, some military use has been made of cable-
towed systems for mine sweeping and sonar detection. In
order to exploit the advantages of towed systems for oceano-
graphic exploration, the problem of accurately defining the
system's configuration and determining design criteria to in-
sure the stability of the towed system must be solved.

Many investigators have studied the problem of towed
bodies. The earliest investigators, such as O'Hara,1 were
concerned with airborne, towed vehicles for glider application
during the second World War. The first information on
underwater, towed bodies was contained in Pode's2 work on
the two-dimensional equilibrium configuration of a cable im-
mersed in a steady uniform stream. The hydrodynamic
forces acting on the towline were divided into a normal and a
tangential component. The normal component was taken to
be proportional to the square of the sine of the towline angle,
whereas a constant was employed for the tangential com-
ponent. His report contained numerical tables of steady-
state towline configurations.

This work formed the basis of most towed-body calcula-
tions until 1957. At that time Whicker3 developed a solu-
tion for the two-dimensional equilibrium configuration of the
towline with improved hydrodynamic loading functions. He
also indicated a method of solution for the two-dimensional
dynamic motion of the towed system.

Walton4 developed a numerical method for calculating the
d}rnamic tension in a mooring cable for ships taking part in
atomic bomb experiments. He assumed that the mooring
cable was made up of many discrete masses. The tangential
hydrodynamic towline force was neglected, and Pode's
form of the normal force component was applied. Numeri-
cal results of tension were obtained for various sea states.

One of the first attempts to formulate the three-dimen-
sional motion of a towed system was made by Strandhagen.5
In his paper Pode's hydrodynamic loading functions were
used. The towline was approximated by rigid links joined
together by universal joints. A complicated solution for the
acceleration of the towed body and cable elements was indi-
cated but not numerically evaluated.

An extension of Strandhagen's formulation was made by
The Boeing Company.6 In this report, the universal joints
were replaced by springs and dashpots to allow moments to be
transported from link to link. The motion of the system was
obtained with the use of an analog computer.

In the present study, assuming that the towline is con-
tinuous, inextensible, and flexible, three first-order partial

differential equations of motion are developed. In addition,
three kinematical first-order partial differential equations are
generated to describe the position of the towline in space.
The boundary conditions for the system are the motion of
the towing ship and the forces acting on the towed body.
The dynamic motion of the towed system is obtained by ap-
plying the method of characteristics to the equations of mo-
tion and the kinematic equations. Then the characteristic
equations are numerically integrated on a computer.

The numerical examples presented in this paper are based
on a system towed by the U.S. Navy. Physically, the towed
system is illustrated in Fig. 1, and it consists of a ship, a tow-
line, and a submerged body. The towline is made up of a
twisted wire-rope cable and segmented fairing sections as
shown in Fig. 2.

2. Equations of Motion

2.1 Mathematical Formulation

The towline is allowed to have a three-dimensional con-
figuration in space. Its orientation is described by the
angles 0 and 0, which are functions of time t and arc length s.
In order to facilitate a solution of the equations of motion,
the space reference system X, Y, Z is transformed to a co-
ordinate system x, y, z. As indicated in Fig. 3, the y coordinate
is directed along the towline, whereas the x and z coordinates
are perpendicular to the towline. It should be noted that, as
8 goes to zero, the solution reduces to the two-dimensional
case.

The hydrodynamic mass of the towline will be considered
negligible. Since the fairing has a streamline shape, this re-
striction will have little effect on the motion of the system in
the towing plane. However, the dynamic motion of the sys-
tem out of the towing plane may be slightly overestimated.
This assumption is made because there is little data available
on the hydrodynamic mass of the fairing, and their inclusion
would greatly complicate the numerical solution for the
dynamic motion of the system.

2.2 Derivation of Equations

A free-body diagram of an infinitesimal length ds of the tow-
line is shown in Fig. 3a. Applying Newton's second law of
motion to the element along the space axis X, F, and Z, one
obtains

d'2F

v(l + e) ds

_T_j)F
ds V(l 4- e) ds

_
ds \(1 + e) ds

(1)

(2)

(3)

cabl.

X-Y PLANE Z-Y PlANi

Fig. 1 Towed system.

Fig. 2 Towline.



OCTOBER 1968 DYNAMIC ANALYSIS OF A TOWED SYSTEM 215

Restricting the problem to an inextensible towline and ex-
panding the force terms, Eqs. (1-3) become

' cos* (4)

+ G cos 6 sin* + / cos* +

// sin* sin(? — \Vt (5)

^Z ^ / bZ\

As illustrated in Fig. 3b, the directional derivatives of the
towline are

= cos6 cos* sin*

(7)
Also the velocity components in the space coordinate system
for the center of gravity of the towline clement arc defined as

(S)

Substituting Eqs. (8) and (7) into (4HJ) yields

ju -r— = — (T cos^ cos^>) + G cos^ cos^) —o^ os
7 sin<^ + J*/ s

n<̂  4-

J cos^ + 77 sinO sin^ -

^- (T sin )̂ + (7 sin(/ - 77 cosO

(0)

(10)

(11)

The solution to the preceding equations of motion is simpli-
fied if a coordinate transformation is made from the space
reference %, y, Z to one aligned with the towline element,
a;, 2/, z as indicated in Fig. 3b. This change of coordinates can
be accomplished by employing the following transformation
matrix [ ] indicate square matrix, { ! indicate column
matrix) :

0
[A] =

If Eqs. (9-11) are represented by a column matrix such as

((9))

the transformed equations are written as follows:

((12) ( (») )
- [A] {(10)[

((11)̂
After performing the matrix multiplication and simplifying
the expressions, the equations of motion in the a, ?/, z coordi-
nate system become

cos* — —

/ - IK, cos* (12)

. / vu dv . \ btu . "1
M I I -^ cos* + -^ sin* J cosd + ^ sm^J

(13)

X
dY

Fig. 3 a) Towlifie forces, b) (Inordinate

+ /Y - 1C (14)

The velocity components ?*, o, to are transformed to the
velocity components [7, F, and IK in the ^, ?/. 3 directions as
follows:

Hence, the transformed velocities are
[7 = M sin* — t; cos*

y = tA cos* cos^ + :; sin* cos^ 4-
I)/" = — 2* sin6 cos* — %; sin^ sin* 4 (17)

With the use of the preceding relationships, the left side of
Eqs. (12-14) can be converted to functions of (7, F, 17, 0,
and * and their time derivatives. This is accomplished by
developing the following identities:
or

cos<£ - .
sin* =

^ um

.
—- cos* + --- sin* - cos ! =

61
(20)

Therefore, the equations of motion for bhc to Mine element
written in the ^, v/, 3 coordinate system are

o*T cosO -^ + / - If, cos* (2.1)

b*H _ *T. ^

G — Wt sin* cosO (22)

M -

// - H\ sin* sinO (23)

Three additional equations of a kinematical nature, which are
needed to describe the towlinc's position in space, can be de-
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veloped by taking the partial derivative with respect to s of
the transformed velocities. With the aid of the directional
derivatives, the velocities u, v} and w are eliminated from the
resulting equations. The derivation of the kinematical equa-
tions will be illustrated for U.

Taking the partial derivative of Eq. (15) with respect to s,
one obtains

.
— — cos</> + ?/. cos</> -^— + ^ sm<f> —d(i ds ds

(24)

The quantity du/ds can be written as

ds (cos0 cos0) (25)

Using similar definition for df/ds, one can obtain the following
identity:

center of mass of the body. This assumption eliminates the
effect of the rotational modes of the body (pitch, roll, and yaw)
on the motion of the towline. The transformation of the
velocity components from the body coordinate system to the
towline coordinate system is accomplished as follows:

= (A]

The equations that form the lower boundary conditions repre-
sent Newton's second law of motion for the body forces and
moments referred to a coordinate system fixed to the body at
its center of mass. [E] is the matrix that transforms the
body coordinate system to the space system.

The development of the hydrodynamic towline forces G,
II, and / is given by the author in Ref. 9. These forces are
found to be a function of U, V, W, 0, 0, and constants.

= — cos0 -^— (26)ds 5s

The last two terms on the right side of (21) can be related as

--5s -^ - (7 cos0 - W sin0) V (27)os ds

Substituting (26) and (27) into (24), one has

In a like mariner the following are derived:

oV/ds = 17(d0/ds) - U cos0(50/58) (29)

dIF/ds - (50/50 - 7(50/ds) + U sin0(d<£/ds) (30)

Equations (21-23 and 28-30) represent the six first-order
partial differential equations that describe the motion of the
towline.

2.3 Boundary Conditions

The towline at its point of attachment to the towing ship
must have the same motion as the ship. This constraint
provides the upper boundary condition for the towline.
The ship motion at the tow point can be given by

u = C + u* (31)

v = v* (32)

w = w* (33)
where u*, w*, and w* are the velocity variations about the
steady towing speed C. These time-dependent velocity varia-
tions are due to the wave motion of the sea, which causes the
towing vessel to pitch, roll, and heave. For convenience,
these motions are assumed to have a sinusoidal form in all of
the numerical examples. However, any ship motion can be
easily introduced into the boundary conditions.

In order to make use of these boundary conditions in the
numerical solution, a transformation of Eqs. (31-33) from
the spatial coordinate system to the system aligned with the
towline is made. The upper boundary conditions become

Uu = (C + u*) sin0 - v* cos0 (34)

Vu = (C + u*) cos0 cos0 + v* cos0 sin</> + w* sin0 (35)

Wu = -(C + u*) sin0 cos0 - v* sin0 sin0 +
w* cos0 (36)

At the lower end, the towline must have the same motion
as the body at its point of attachment. For convenience of
computation, the tow point is considered to coincide with the

3. Dynamic Towline Motion

3.1 Application of the Method of Characteristics

The system of quasi-linear partial differential equations de-
veloped in Sec. 2.2 represents the motion of the towline as a
function of time and position. The solution of these equa-
tions by the method of characteristics will not restrict the mo-
tion of the system to small perturbations about its equilibrium
state. In this section the characteristic equations of the tow-
line will be developed.

The method of characteristics can only be applied to
hyperbolic partial differential equations. However, Eqs.
(22) and (29) are of the parabolic type as evidenced by their
zero characteristic roots. These zero roots are a consequence
of the assumption that the towline is inextensible. There-
fore, these equations will not be transformed by this method.

In the hyperbolic equations (21, 23, 28, and 30), the de-
pendent variables appear in partial derivatives with respect to
time and arc, length. It would simplify matters if these
equations could be replaced by equivalent expressions con-
taining only total derivatives in a given direction in the t — s
plane. The lines in the t — s plane having these directions
are called characteristic lines. The set of characteristic equa-
tions equivalent to (21, 23, 28, and 30), and the characteristic
directions are determined as follows.

As indicated in Ames,8 the characteristic equations can be
obtained by writing the hyperbolic equations in matrix form:

[A']W + [B']{at] + {d} = {0} (37)

where the subscript represents the partial derivative and

0
0
1
0

-1
0
0
0

0 — T/ncosB
0 0
0 -(7cos0 - T7sin6
1 -7sin0

0 (7 cos0 - T7 sin0)
- I U sin0

0 cos0
0 0

- [I - W, cos<t>]
+ 1-H + Wt sm<p sin9]

0
0

0

0
7

0 "
-7
0
-1

(38)

(39)

(40)

(41)
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Next, Eq. (37) will be multiplied by a linear transformation
matrix [T];

The matrix [T] is chosen such that,

where [X] is a diagonal matrix. Substituting (43) into (42)
and defining [T][Bf] = [A*] and [T]{d*}, one obtains

[X][A*]{«.} + [A*]{at} + {d*} = 0 (44)

The jth equation becomes
n

Let (M,N) be a unit vector in the t — s plane (see Fig. 4),
for which

Xy = M/N = cot0' (46)

Now one could write

= — (ov cos0'

otf sin0') (47)
which, except for 1/W, is the directional derivative in the di-
rection of the vector defined by (M,N). As indicated in
Eq. (46), the direction is a function of X;. Hence, one can
conclude that every equation of the transformed system (44)
contains derivatives only in a given characteristic direction.

The characteristic directions can be found by rearranging
Eq. (43) to read

[T]([A'] - [\][B']) = [0] (48)
If the transformation matrix [T] were the zero matrix, a
trivial solution would result. Consequently, it is concluded
that

After evaluating the above 4 X 4 determinant, the charac-
teristic roots are found to be

X l l2 = (IT//*)1'2 (50)

The characteristic roots or directions are real, which in-
dicates that Eqs. (21, 23, 28, and 30) are hyperbolic partial
differential equations. The characteristic values represent
the speed at which transverse motions are propagated along
the towline. However, Eq. (50) shows that the characteristic
roots are repeated. Physically, this means that the speed at
which transverse disturbances are propagated in the x — y
and the z — y planes are the same. This property simplifies
the numerical solution of the characteristic equations that
will be presented in Sec. 3.2.

In order to find the characteristic equations equivalent to
(21, 23, 28, and 30), Eq. (21) multiplied by dt is subtracted
from Eq. (28) multiplied by ds to yield

dt-(V cos0 - W sin0)dt dt ~ cos0 - dtfjL ds

- (I - Wt cos<£) dt + -
JLt OS ot

cos0 ds —

(V cos0 - W sin0) -
OS

0 (51)

Fig. 4 Vector in the t-s plane.

s=l

Fig. 5 Characteris-
tic lines in the t-s

plane.

Region

Region 3

Since there are two independent variables s and t, the total
differential of any dependent variable, say C7, is

(52)dU =
Hence, Eq. (51) can be simplified to yield

dU - (V cos0 - W si

Ot

cos0 ~~ dt
OS

= 0 (53)

Also, it was found in Eq. (50) that (T/n)l/2 is the propagation
velocity of a disturbance in the t — s plane. Hence, one can
write

ds/dt = (54)

With the use of Eq. (54), the second and third terms of (53)
can be written as

dt ds] = fJ dt
T\ 1/2

7J ' (55)

Substituting (55) into (53) yields

' — Y'2 cos0 - (7 cos0 - W sin0)l+

— (7 - TTi cos«)ctt - 0 (56)
M

Equation (56) represents the differential equations of the
transverse motion of the towline in the x — y plane. The
differentiation is taken along characteristic directions. Re-
ferring to Fig. 5, the a characteristic line is associated with
(jT//x)1/2 and rep resents; disturbances traveling up the tow-
line. On the other hand, the ft characteristic is associated
with — (7V/z)1/2 and represents the propagation of distur-
bances down the towline. Therefore, the characteristic equa-
tions become

dU
da

d$
- W si

- -da

- .dp

- Wt = 0 (57)

= 0 (58)

Performing the same type of mathematical manipulations
as the preceding on Eqs. (23) and (30) , which represent the
transverse propagation of a disturbance along the towline in
the z — y plane, one obtains

da da da

~ (Wt sin<£ sin0 - fl) - - = 0 (59)At da
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6k
Fig. 6 Mesh for numer-

ical computation.

b p a q

dp
dO

~ (WtM
sin0 - H) - - = 0 (60)aft

where a and ft are the characteristic directions in the z — y
plane.

Since the characteristic roots are repeated, the change in a
along a characteristic line in the x — y plane is equal to the
change in the z — y plane;

da da
dcf)
dp (61)

Equations (61) provide the basis for the numerical solution of
the three-dimensional equations of motion of the towline
which is presented in Sec. 3.2.

3.2 Numerical Procedure for Dynamic Solution

In order to devise systematically a numerical procedure to
solve the equations of motion on a digital computer, the tow-
line will be divided into three regions (see Fig. 5). Since
region I is interior to the boundaries, the solution in this
area can be advanced to the next time line ti using only the
characteristic equations. These equations can be written in
the following form:

dU + Gad<t> + Hadt = 0 (62)
dU + Gpd(l> + Hpdt = 0 (63)

dW + JadB + Kad<p + Ladt = 0 (64)
dW + JpdO + Kpd<t> + Lftdt = 0 (65)

where a and ft refer to the two characteristic directions and
Ja = [7 - (TAO172] (66)
Jf* = [V + (ZV/i)1/*] (67)
Ka = Kp = -U sin0 (68)

La = LP = l/fj, (H - Wt sin</> sin0) (69)
Ga = Wa smd - V cos0 +-(T//*)1/2 cos0 (70)
Gp = W sin0 - 7 cos0 - (?W)1/2 cos0 (71)

Ha = Hp = (!//*)(/ - Wt cos0) (72)
Also the propagation speed of a disturbance traveling up or
down the towline is abbreviated as

(73)

(74)

Fa =
Ff = -(T//0"*

The numerical solution of the preceding equations is based
on a scheme suggested by Courant, Isaacson, and Rees, which
is presented in Ames.8 In this method the mesh points are
defined in advance (see Fig. 6), which avoids the need for a
four-dimensional interpolation to advance the solution to the
next mesh point. However, this numerical scheme has a
first-order truncated error.

The size of the grid, i.e., the ratio of the time increment to
the space increment, is dictated by two considerations.

Ames shows that the stability and the convergence of the
numerical technique used to integrate the characteristic equa-
tions are insured if

\Fa\(dK/8h)< I and \Fp\(dK/8h)<l
Secondly, the magnitude of the time interval must be suffi-
ciently small that the characteristic lines between mesh points
can be assumed straight. Through a process of trial and
error, the following parameters are chosen: 5K = 0.005 sec
and dh = 5.0 ft.

The initial values of the towline parameters are obtained
from the steady-state computer solution in Ref. 9. The
first step in the numerical solution is to locate points p and q
as shown in Fig. 6. Since all grid points, i.e., a, d, r, etc., are
defined in advance and Fa and Fp are assumed to be straight
between time lines, the points p and q are found as follows:

r = p = dKFa

r - q = dKFp
(75)
(76)

The value of the dependent variables at p and q are ob-
tained by a straight line interpolation between a and d and
a and 6, respectively. Next, Eqs. (62) and (63) can be written
in difference notation as

r ~ fa] + Ha(a)dt = 0 (77)
<£«] + Hp(d)dt = 0 (78)

Ur - Uq + Ga

Ur - UP + Gft

Equations (77) and (78) contain two unknowns, Ur and
and they are evaluated as follows :

x7Qx
(79)

Uf = {UPGp - UqGa(a) + Gf,(a)Ga(a)[<l>p ~ M +
Ha(a)dt[Gp(a) - Ga(a)]}/[Gp(a) - Ga(a)] (80)

Repeating the preceding procedure for Eqs. (64) and (65),
W,-WP + Ja(a)[Br - dp] + KMl^r - M +

La(a)dt = 0 (81)
Wr - Wq + J0(a)[6r - 6q] + Kft(d)l^ - fa] +

La(a)dt == 0 (82)
Since the characteristic roots are repeated, the variable <£r,
found in Eq. (79), can be used in Eqs. (81) and (82). Con-
sequently, Wr and 6r are the only unknowns in the preceding
equations, and they can be determined as shown below:

- Ja(a)\ (83)

(84)

In region 2 (see Fig. 7a) , the a characteristic equations are
matched with the upper boundary conditions, which are de-
scribed in Sec. 2.3. The upper boundary equation (34) and

Wr =
Jp(a)Ka(a)[fa - 0,] + J

La(a)dt[Jft(a) - Ja

Or = [6pJa(a) - 6qJe(a) + W
<t>r(Ka(a) - Kp(a)]

a) b)

Fig. 7 a) Upper boundary, b) Lower boundary.
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the characteristic equation (77) in x — y plane for region 2 be-
come

v* cosfa (85)
+ Ha(a)dt = 0 (86)

Uu = (C + u*)
Uu - UP + Ga(a)[<t>u +

Eliminating Uu from the preceding equations yields the fol-
lowing transcendental equation:

<i>u = \UP + Ga(a)<l>p - Ha(a)dt -
[C + u*] smfa + v* Gos4>u}/Ga(a) (87)

An iterative procedure is used to solve for <f>u. This value of
4>u is then substituted into Eq. (51) to give Uu. The values of
Wu and 6U are obtained in a similar manner using Eqs. (36)
and (81).
Wu = — [C + u*] sin0M cos$u + w* cosQw —

v sinfa smdu (88)
Wu - WP + Ja(a)[6u - 8P] + Ka(a)[fa ~ *,] +

La(a)dt = 0 (89)
where 4>u was evaluated in the previous calculations. There-
fore, Wu and 6U can be evaluated from the preceding equations.

Before proceeding to the lower boundary condition, V must
be determined along the towline by using the upper boundary
condition, Eq. (35) 7 and the parabolic equation (29). Refer-
ring to Fig. 7a, Eq. (29) can be written in finite-difference
form as

7. (cos
+Fm-fc ] (90)

Using this equation, F can be found at all locations along the
towline except at the lower boundary.

In order to determine the values of the dependent variables
at the lower boundary, nine simultaneous equations must be
solved. Referring to Fig. 7, three of these equations are ob-
tained by writing Eqs. (63, 65, and 90) in finite-difference
form at the lower boundary;

UL - Uq + Gft(a)[p
WL - Wq + Jp(d) [6L - 6q]

-V*- W3[6L - <94 ] + U*

Hp(a)dt = 0

- fa] +
La(a)dt = 0

8W>£ - fa] = 0
The other six equations are the three-dimensional recti-

linear and rotational equations of motion of the body which
are developed in Appendix B of Ref. 9. The unknowns in
these equations are UL, VL, WL, <t>L, OL, TL, and the body's
pitch, roll, and yaw.

Once the tension is found at L, the tension at any point
along the towline can be computed by using the parabolic
equation (22) in finite-difference form. To evaluate the ten-
sion at point 3 in Fig. 7b, the following approximation to (22)
is made :

= TL Bh - Vd -

Table 1
Propagation of longitudinal and transverse motion0

Disturbance at surface, ft Disturbance at body, ft

Along
towline

10
0

Transverse
to towline

0
10

Along
towline

9.33
2.60

Transverse
to towline

2.05
4.22

Fig. 8 Propagation of
disturbances along the

towline.

LONGITUDINAL
DISTURBANCE

T=TRANSVERSE

Then the tension can be evaluated at each mesh point going
up the towline as illustrated below for T4:

COS03 + ̂

- Od)

2dh Wt

1 These results are for a 400-ft towline being towed at 20 knots.

Therefore, all the variables are determined on time line t\.
This procedure can be repeated from one time line to the next
for any desired length of time. The preceding solution has
been programmed on an IBM 7044, using the FORTRAN 4
language.

3.3 Numerical Results

The nonhomogeneous boundary conditions are introduced
to the system as the variation of the ship's velocity about its
steady-state towing speed. Since the disturbance to the
system is initiated at a point in time where the velocities at
the upper boundary are zero, an initial discontinuity in the
acceleration of the system is experienced. The computer re-
sults indicate that the acceleration of the system goes from
zero to its proper value in just a few steps or time lines.
Therefore, the initial discontinuity in acceleration has very
little effect on the motion of the system.

In order to arrive at meaningful conclusions about the
dynamic motion of the towed system, it is important to under-
stand the manner in which disturbances are propagated along
the towline. Cristescu7 indicates that, if a towline is not
straight, each type of disturbance, transverse or longitudinal,
influences the other. For instance, if the initial motion of the
towing ship is directed along the towline, then one would ex-
pect a longitudinal disturbance to be propagated along the
towline. However, because of variation of the towline shape,
transverse waves will soon appear. This phenomenon is
illustrated in Fig. 8. At point 1 the motion is tangent to the
towline. As the disturbance proceeds along the towline to
point 2, the towline motion develops a transverse component
due to its curvature.

This coupling between the types of motion can be demon-
strated with the use of the numerical solution of Sec. 3.2.
If the motion at the upper end of the towline is purely longi-
tudinal, then the motion at the lower end should be both
transverse and longitudinal. Table 1 indicates that the mo-
tion at the lower end of the towline is a combination of trans-
verse and longitudinal disturbances. Also, in Table 1, a
purely transverse motion is imparted to the towline at its
upper boundary, and the motion at its lower end is again
made up of transverse and longitudinal modes. Therefore,
one can say that longitudinal disturbances generate transverse
motion and vice versa, when the towline is not straight.

In the aforementioned examples, the same disturbance
amplitude, 10 ft, was applied at the upper end. From Table 1
it can be seen that both the transverse and longitudinal dis-
turbances are diminished as they travel down the towline.
This result is substantiated by the stability analysis of Sec.
5.0 of Ref. 9. Also, it should be noted that the transverse
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Fig. 9 Transfer function vs towing speed.

motion is damped to a much greater degree than the longi-
tudinal motion.

When the numerical scheme of Sec. 3.2 was programmed
on an IBM 7044 digital computer, the motion of the towing
ship was assumed to be sinusoidal. J The Y displacement at
the upper end was four times as large as the X displacement,
and the displacements were considered to be in phase.
Figure 9 represents the variation of the transfer function T#,
with towing speed and towline length. The transfer func-
tion is the ratio of the resultant amplitude of the body mo-
tion to the amplitude of the motion of the ship. It can be
seen that the transfer function decreases as the towline length

J The actual ship motion could be put into the program.
However, for convenience, the sinusoidal motion was used.

increases. This is caused by the fact that the disturbances
have to travel a longer distance to the body, and, therefore,
they are subjected to a greater amount of damping. Also,
the transfer function decreases with increased towing speed.
This results because the towline's pitch angle becomes smaller
as the speed is increased. Therefore, a greater percentage of
the input disturbance is transverse, and as indicated in Table
1, transverse disturbances are damped to a much larger ex-
tent than longitudinal disturbances.

References
1 O'Hara, F., "Extension of Glider Tow Cable Theory to Elas-

tic Cables Subject to Air Forces of a Generalized Form," Kept,
and Memo. 2334, 1945, Royal Aeronautical Establishment.

2 Pode, L., "Tables for Computing the Equilibrium Configura-
tion of a Flexible Cable in a Uniform Stream," Rept. 687, March
1951, David Taylor Model Basin, Washington, D.C.

3 Whicker, L. F., "The Oscillatory Motion of Cable-towed
Bodies," Ph.D. dissertation, 1957, Univ. of Calif.

4 Walton, T. S., "Calculation of Nonlinear Transient Motion
of Cables," Rept. 1279, 1959, David Taylor Model Basin,
Washington, D.C.

5 Strandhagen, A. G., "Dynamics of Towed Underwater Ve-
hicles," U.S. Navy Mine Defense Lab., Rept. 219, 1963.

6 "Development of High Speed Towing Cables and Underwater
Towed Bodies," Boeing Co. Rept., 1966, U.S. Navy Electronic
Lab.

7 Cristescu, N., "Rapid Motions of Extensible Strings,"
Journal of the Mechanics and Physics of Solids, Vol. XII, 1964,
pp. 269-273.

8 Ames, W. F., Nonlinear Partial Differential Equations in
Engineering, Academic Press, New York, 1965.

9 Schram, J. W., "A Three-Dimensional Analysis of a Towed
System," Ph. D. thesis, 1968, Rutgers Univ., New Brunswick,
N.J.


